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RAMIFICATION CORRESPONDENCE OF FINITE FLAT 
GROUP SCHEMES OVER EQUAL AND MIXED 
(N : CHARACTERISTIC LOCAL FIELDS 

o 

CN ! SHIN HATTORI 

>»: 

■ Abstract. Let p > 2 be a rational prime, fc be a perfect field of char- 

acteristic p and K he a, finite totally ramified extension of the fraction 
field of the Witt ring of k. Let Q and T-L be finite flat commutative group 
schemes killed by p over Ok and fc[[it]], respectively. In this paper, we 
show the ramification subgroups of Q and T-L in the sense of Abbes-Saito 
are naturally isomorphic to each other when they are associated to the 
p-H ' same Kisin module. 

c^ . 1. Introduction 

Let p be a rational prime, A; be a perfect field of characteristic p, W = 
W{k) be the Witt ring of k and i^ be a finite totally ramified extension of 

'^ \ Frac(Ty) of degree e. Let (j) denote the Frobenius endomorphism of W. We 

fix once and for all an algebraic closure K oi K, a uniformizer i: of K and a 

Q\ . system of its p-power roots {TTn}neZ:>o ^^ ^ with ttq = it and 7r„ = vr^_|_]^. Put 

O : K„ = K{TTn), K^ = UnK„, Gk = Gsl{K/K) and Gk^ = Gsl{K/K^). By 

the theory of norm fields (j30j). there exist a complete discrete valuation 

L^ . field X ~ k{{u)) of characteristic p with residue field k and an isomorphism 

Q ■ of groups 

Gk^ ^Gx = GaKA-^^P/^), 
where X^'^'^ is a separable closure oiX. K striking feature of this isomorphism 
is its compatibility with the upper ramification subgroups of both sides up 
to a shift by the Herbrand function of K^ajK ( |30l Corollaire 3.3.6]). 

5^ . On the other hand, Breuil ([7]) introduced linear algebraic data over a 

ring 5, which are now called as Breuil modules, and proved a classification 
of finite flat (commutative) group schemes over Ok via these data for p > 2. 
He ([6], [8]) also simplified this classification by replacing these data by 0- 
modules over W^[[^i]], which are referred as Kisin modules since the latter 
classification was reproved and investigated further by Kisin ([20], |21j). 
Let us consider the case where finite flat group schemes are killed by p. Put 
Si = A;[['u]], which is isomorphic to the A;- algebra Ox- We let 4> also denote 
the absolute Frobenius endomorphism of the ring &i. For a non-negative 
integer r, let Mod^g be the category of free ©i-modules dJt of finite rank 
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2 SHIN HATTORI 

endowed with a 0-semilinear map (p'^i : 9K — > 9Jt such that the cokernel of 
the map 1 00?: : ©i ®4>,Gj^ 9H — > 9JI is killed by u^"^ . Then there exists an 
anti-equivalence of categories Q{—) from Mod,g to the category of finite 
flat group schemes over Ok killed by p. It is well-known that, for any r, 
we also have an anti-equivalence 'H{—) from Mod^g to a category of finite 
flat generically etale group schemes over Ox killed by their Verschiebung 
(|16j). Hence a correspondence between finite flat group schemes over Ok 
and Ox is obtained, and if finite flat group schemes Q over Ok and V. over 
Ox are in correspondence with each other, then their generic fiber Galois 
modules G{Ok) and ?^(C'a's<=p) are also in correspondence via the theory of 
norm fields. Namely, for an object 9Jt of Mod ,g , we have an isomorphism 
of Gxoo "Modules 

gm{OK)\G,^^-Hm{Ox^..) 

([m Proposition 1.1.13]). From this, we can show that the Galois mod- 
ules Q{Tl){Oj^) and 'H{Tl){Ox<'^p) have exactly the same greatest upper 
ramification jump in the classical sense (see also [1]). 

Besides the classical ramification theory of their generic fibers, finite flat 
group schemes over a complete discrete valuation ring have their own ram- 
ification theory, which was discovered by Abbes-Saito ([3], [1]) and Abbes- 
Mokrane ([2])- Such a finite flat group scheme Q has filtrations of upper 
ramification subgroups {^■'}jeQ>o ([2]) and lower ramification subgroups 
{^i}jeQ>o ([H]) [IZI) ^^ ™ the classical ramification theory of local fields. 
For simplicity, let K he a complete discrete valuation field as above and 
consider a finite flat group scheme G over Ok- Then, using the upper ram- 
ification filtration of G, we can bound the classical greatest upper ramifica- 
tion jump of the generic fiber G/^f-module G{Oj^) ([IZ]) and also describe 
completely the semi-simplification of the restriction to the inertia subgroup 
of this Gj^-module ([H]). Moreover, the canonical subgroup of a possibly 
higher dimensional abelian scheme A over Ok is found in the upper ram- 
ification filtration of A[p^] ([2], [28], [29]). while the canonical subgroup is 
also found in the Harder-Narasimhan filtration of y4[p"] defined by Fargues 

In this paper, we establish the following correspondence of the ramifica- 
tion filtrations between finite flat group schemes over Ok and Ox which 
is similar to that of the classical ramification jumps of their generic fiber 
Galois modules stated above. 

Theorem 1.1. Let p > 2 be a rational prime and K and X he as before. 
Let 9JI be an object of the category Mod ,g . Then the natural isomorphism 

ofGKao'''^'^dules ^(9JI)(0^)|g^ — > 7^(2t)(0;t's°p) induces isomorphisms of 
the upper and the lower ramification subgroups 

G{my{OK)\G,^^n{my{Ox^.,), 
GmuOji)\G^^^nimuox^.,) 
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for any j G Q>o and i G Q>o. 

This theorem enables us to reduce the study of ramification of finite flat 
group schemes over Ok killed by p to the case where the base is a complete 
discrete valuation ring of equal characteristic. This makes calculations of 
ramification of finite flat group schemes over Ok , for example as in [18' Sec- 
tion 5], much easier. We remark that, for the Harder-Narasimhan filtration, 
such a correspondence of filtrations of G(jM) and T-L(d)l) follows easily from 
the definition. 

A key idea to prove the theorem is to switch from the upper ramification 
filtration to the lower ramification filtration via Cartier duality, which the 
author learned from works of Tian ([28]) and Fargues ([H]). Let ^ be a finite 
flat group scheme over Ok killed by p and G"^ be its Cartier dual. Then 
they showed that the upper ramification subgroup ^-'(O/f) is the orthogonal 
subgroup of the lower ramification subgroup (^^)j(Oft-) for some i via the 
Cartier pairing 

g{OK)xg''iOK)^z/pZ{i). 

We prove a version of this theorem for the group scheme ?^(9Jt) over Ox- 
Since we are in characteristic p, usual Cartier dual does not preserve the 
generic etaleness of finite flat group schemes. Instead, we use a duality the- 
ory of Liu ([24]) for Kisin modules. This requires us to check compatibilities 
of these two duality theories, though it is straightforward to carry out. Thus 
we reduce ourselves to proving the correspondence of the lower ramification 
subgroups of g{Tl) and 7^(lUt). This is a consequence of the fact that, up to 
the base changes from K and X to the extensions generated by p-th roots of 
their uniformizers tt and u, the schemes ^(9K) modulo vr^ and ?^(9K) modulo 
u^ become isomorphic to each other, not as group schemes but as pointed 
schemes. We prove this fact by using Breuil's explicit computation of the 
affine algebra of a finite fiat group scheme over Ok killed by p in terms 
of its corresponding Breuil module ([TJ Section 3]), after showing that his 
classification of finite fiat group schemes is compatible with the base change 
from K to Kn- 
it should be mentioned that a classification of finite fiat group schemes 
via Kisin modules is also proved for p = 2 hj Kisin ([22]) for the case of 
unipotent finite flat group schemes and independently by Kim ([19]), Lau 
([23j) and Liu (^26j) for the general case. However, the author does not know 
whether a similar correspondence of ramification between characteristic zero 
and two holds for finite fiat group schemes with non-trivial multiplicative 
parts. 

2. Review of Cartier duality theory for Kisin modules 

Let p > 2 be a rational prime and K he a complete discrete valuation 
field of mixed characteristic {0,p) with perfect residue field k, as in Section 
[TJ It is well-known that finite flat group schemes over Ok killed by some 
p-power are classified by linear algebraic data, Breuil modules ([7]) or Kisin 
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modules ([6], [8], [20], [21] )• For these data, corresponding notions of duality 
to Cartier duality for finite flat group schemes are introduced by Caruso and 
Liu ([9], [To], [11], [S]), which play key roles in the integral p-adic Hodge 
theory. In this section, we recall the definitions of these data and the theory 
of Cartier duality for Kisin modules. 

2.1. Breuil and Kisin modules. Let E{u) € W[u] be the Eisenstein poly- 
nomial of the uniformizer vr over W. Put F{u) = p~^{u^ — E{u)). This 
defines units in the rings & = W\\vW and Si = A;[[n]]. The 0-semilinear 
continuous ring endomorphisms of these rings defined hy u ^^ vP are also 
denoted by 4>- Let r be a non-negative integer. Then a Kisin module over 
6 of E'-height < r is an ©-module 97t endowed with a (/>-semilinear map 
0gf)t : SUl ^ SUt such that the cokernel of the map 1 (^ (jxxii '■ & ®(/),6 9?t — )• 9H 
is killed by E{uY . We write (/>ot also as (p if there is no risk of confusion. 
A morphism of Kisin modules over (3 is an ©-linear map which is compat- 
ible with (/)'s of the source and the target. The Kisin modules over © of 
-E-height < r form a category with an obvious notion of exact sequences. 
We let Mod'Jg {resp. Mod^g) denote its full subcategory consisting of 9Jt 

which is free of finite rank over ©i {resp. ©). We also let Modyg denote 
its full subcategory consisting of OJt such that 9JI is a finite ©-inodule which 
is p-power torsion and n-torsion free. 

The categories of Kisin modules have a natural duality theory ([11, Sub- 
section 2.4]). For an object Tl of the category Mod^g , we let 9JI^ denote 
its dual object as in loc. cit.. We give here an explicit description of the 
duality theory of the category Mod/g for the convenience of the reader. 
Let 9JT be an object of this category. By definition, the ©i-module 9Jt^ is 
Hom6(9JT, ©i). Choose a basis ei, . . . , e^ of the free ©i-module Tl and let 
e^, • • • , e^ denote its dual basis. Define a matrix A £ Mrf(©i) by 

(f)<m{ei,... ,ed) = (ei,... ,ed)A. 

Put Co = p~^E{0) e W^. Then the c^-semihnear map (/^gjjv : Tt^ -^ Tt^ is 
given by 

</)aTtv(er,...,e^) = (er,...,e^)(i?(n)/cor(U)-\ 

For r < p — 1, we also have categories Mod^'^ , Mody'J" and Modyj" of 
Breuil modules defined as follows. Let S be the p-adic completion of the 
divided power envelope l^[u]^^ of W[u\ with respect to the ideal {E{u)) 
and the compatibility condition with the canonical divided power struc- 
ture on pW. The ring S has a natural filtration FiVS defined as the clo- 
sure in 5 of the ideal generated by E{uy /j\ for integers j > i. The 0- 
semilinear continuous ring endomorphism of S defined hy u ^^ u^ is also 
denoted by (j). For < z < p — 1, we have (j){¥\VS) C p^S and put 
4)i = P~VlFiP5- These filtration and c^j's induce a similar structure on 
the ring 5„ = S/p^S. Put c = (t)i{E{u)) G 5^. Then we let 'Mod/'| de- 
note the category of 5-modules M endowed with an S'-submodule FiFA^ 
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containing (FiV S)Ai and a (/)-semilinear map 4'r,M '■ FiFAl — > A4 satisfying 
4>r,M{sTfn) = c~'^(j)r{sr)4>r,M{E{uYm) for any Sr € FirS* and m G M. A 
niorphism of this category is defined to be a homomorphism of S-modules 
compatible with FiF's and ^^.'s. We drop the subscript M. of (I)t,m if i^o 
confusion may occur. The category 'Mod'/'J' has an obvious notion of exact 
sequences. Its full subcategory consisting of M. such that M. \s a, free Si- 
module of finite rank and the image (/>j.^>i(Fir7W) generates the S'-module 
M. is denoted by Mod'J'J' . We let Mod^'|' denote the smallest full sub- 
category of 'Mod/'^ containing Mod^'^ and stable under extensions, and 

Mod'I'l' denote the full subcategory consisting of M such that A^ is a free 
S'-module of finite rank, the S-module ^A/Y'\Y M is p-torsion free and the 
image (/)r.^^(FirA^) generates the 5-module Ai. 

The categories Mod'^g and Mod^'J' for r < p — 1 are in fact equivalent. 
We define an exact functor Me : Modyg -^ Mody'J* by putting M.e{Tl) = 
S (g)<^,6 2Jt with 

¥\VM&{Tl) = Ker(5 0^,6 ^ ^^ {S/ViYS) 06 ^), 

^r ■■ FiVMeiTl) %* FiVS 06 ^ "^^^ S 0<A,e ^ = MeiTl). 



Then the functor Me is an equivalence of categories ([11] Theorem 2.3.1]). 

7e ^ Mod-I 



Similarly, we have an equivalence of categories Mody'f -^ Mod^'e ([HI The^ 



orem 2.2.1]), which is denoted also by Mq. 

2.2. The associated Galois representations and duality. Next we re- 
call constructions of the associated Galois representations to Breuil and 
Kisin modules and their duality theories. Let vk be the valuation on K 
which is normalized as u_ft-('7r) = 1 and we extend it naturally to K. Set 
Oj^ = Oj^/pOg and C to be the completion of K. Consider the ring 

i? = l^(0^^0^^---), 
where the transition maps are defined by x i— > x^. For an element x = 
(xo,xi, . . .) si? with Xi G Oj^, we put x^"^> = lim„^oo a^n+m ^ ^C; where 
Xi is a lift of Xi in Oj^. This is independent of the choice of lifts. Then 
the ring i? is a complete valuation ring of characteristic p with valuation 
vr{x) = vk{x^'^')- We put m^* = {x £ R \ vii{x) > i} and similarly for 
m^*. Define an element vr of i? by vr = (7r,7ri,7r2, . . .), where we abusively 
write TTn also for its image in Oj^. The VF-algebras R and W{R) have natural 
©-algebra structures defined by the continuous map © — >• W{R) which sends 
u to the Teichmiiller lift [vr] of the element vr. Note that the identification 
Gk^ — Gx stated in Section [1] is given by the action of Gk^ on the ring R 
and the inclusion k\\u\\ — > R defined by u i— ;■ vr ([8, Subsection 3.3]). 

We set Os to be the p-adic completion of ©[1/u] and put £ = Frac(C'£-). 
We extend the inclusion © -^ W{R) to an inclusion Os — )■ W{Fia.c{R)). The 
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maximal unramified extension of E in the field Ty(Frac(i?))[l/p] is denoted 
by E^"^ and its closure in the same field by E^^ . We put &^^ = O^ D W{R) 
inside the ring W{Frac{R)). The Galois group Gxaa ^'Cts naturally on the 
6-algebra 6"''. For an object QJt G Mod^g , its associated G/^^-module 
T^{m) is by definition 

If the S-module 9Jt is killed by p", then we have a natural identification 
T^{Tl) ~ Rome^^{m,W„{R)) ([El Proposition 1.8.3]). Similarly, for an 
object Tl of the category Mod^g, its associated Gft:^-module is defined as 

Consider the natural VF-algebra surjection 9 : W{R) -^ Oc defined by 

oo 
i=0 

where Zi is an element of R. The p-adic completion of the divided power 
envelope of W{R) with respect to the ideal Ker(6') is denoted by Acrys- The 
ring ^crys has a Probenius endomorphism (j) and a G/^r-action induced by 
those of i?, and also a filtration induced by the divided power structure. 
The H^-algebra homomorphism W[u] — )• W{R) defined by n i-)- [vr] induces 
a map S — )• Acrys, by which we consider the ring Acrys as an S'-algebra. For 
< r < p — 2, the ring A^rys has a natural structure as an object of 'Mod'J'J' 
by putting (jjr = p"''</'|FirAcrvs- 



Let M be an object of Mod^'^ . Then we also have the associated Gk^ 



VI uc aii uujcL,u ui iviuO 

module 

TcrysiM) = Hom5,Fir,</,.(A^,Qp/Zp ® ^crys)- 

If M. is killed by p, then we have a natural identification 

where i? is the divided power envelope of R with respect to the ideal m-j^ 
and we identify this ring with ^crys/p^crys- Similarly, for an object M. of 
the category Mody'^, we put 

rc*rys(-^) = Hom5,Fir,0.(>t,^crys). 

The functors Tg and T*^^^ from Mod'ig and Mod?^ to the category of 

G/^-^-modules are exact. For an object 9K of Mod^g , we have the equality 
dimFp(Tg(9Jt)) = rank6^(5Jl) and a similar assertion also holds for T*^^^. 
Then, for an object 9}t of the category Modyg or Mod^g, we have an 
isomorphism of G^oo "Modules 

defined by / i-)- (s (8) m i->- s<p{f{m))) ([25^ Lemma 3.3.4]). 
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To describe the duality theory for Tg(9JT), let us also fix a system {(pn }ngz>o 
of p-power roots of unity in K such that (i = 1, Cp 7^ ^ and Cp" = C^n+i, 
and set an element e € i? to be e = (1, (^p, C2, . . .) with an abusive notation 
as before. Define an element t of vlcrys by 



M[£]) = i;(-ir^^ 



i=l 

Put Co = p-^E{0) G W and 

00 

i=l 

Let 6{r) = 6e be the object of the category Mod ,- of rank one with a basis 
e satisfying (j){e) = {E{u)/coYe. Similarly, we define an object S{r) of the 
category Mod ,^ of rank one by S{r) = Se = Fil'"5(r) and (j)r{e) = e. Then 
the Breuil module MQ{G{r)) is isomorphic to S{r) via the multiplication 
by A~'~. Thus we have isomorphisms of G;^^ -modules 

Their composite is given by / i-7> (e i-)> A''0(/(e))). Set an element t G j4crys 
to be 

Co 
Then the element t is contained in the subring 6"'' ([Ml Subsection 3.2]). 

Let Tl be an object of the category Mod^g and 9Jt^ be its dual object. 
Then as in [HI Subsection 2.4], the evaluation map TlxdJt^ -^ &{r) induces 
a natural perfect pairing of Gi^^ -modules 

( , )ot : nm X T^iTf) ^ m&ir)) =. Z^f C ©-, 

which gives an isomorphism of G^-^ -modules 

r|(9Jt^) ^ Romz,{T^m,Zpf). 

We also have a similar perfect pairing ( , )gf)t for the category Mod'Jg ([11]). 

3. CARTIER DUALITY FOR UPPER AND LOWER RAMIFICATION SUBGROUPS 

Let Q he a finite flat generically etale (commutative) group scheme over 
the ring of integers of a complete discrete valuation field. Abbes-Mokrane 
([2]) initiated a study of ramification of G using a ramification theory of 
Abbes-Saito (|3j, ^). As in the classical ramification theory of local fields, 
G has upper and lower ramification subgroups ([H], [IZ]). When the base 
field is of mixed characteristic, Tian proved that the upper and the lower 
ramification subgroups correspond to each other via usual Cartier duality if 
G is killed by p ( [28j ) , and Fargues gave a much simpler proof of this theorem 
(|14]). In this section, after briefly recalling the ramiflcation theory of flnite 
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flat group schemes, we show a variant of Tian's theorem for a complete 
discrete valuation field of equal characteristic p with perfect residue field, 
using the duality techniques presented in the previous section instead of 
Cartier duality of finite flat group schemes. 

3.1. Ramification theory of finite fiat group schemes. In this subsec- 
tion, we let K denote a complete discrete valuation field, vr a uniformizer 
of K, Ok the ring of integers and K^^"^ a separable closure of K. Let vk 
be the valuation of K normalized as f_ft:(7r) = 1 and extend it naturally to 
^sep^ "We put mj^lcp = {x € Ok^°p \ vk{x) > i] and similarly for m^l^p. 
We also put Gr = Gal{K''''P/K). 

Let G = Spec(i?) be a finite flat generically etale group scheme over Ok- 
Then G is locally of complete intersection over Ok (O Proposition 2.2.2]) 
and we have a natural surjection of Gi^-modules G{Ok^'=p) — ^ ^^{B) for 
i £ Q>Oj where ^^ (B) is the set of geometric connected components of the 
j-th. tubular neighborhood of B with a group structure induced by that of G 
([21 Subsection 2.3]). We define the j-th upper ramification subgroup G-^ of 
G for J G Q>o to be the scheme-theoretic closure in G of (the finite subgroup 
scheme of t/ x Spec(-ff) associated to) the kernel of this surjection. On the 
other hand, for i € Q>Oj the scheme-theoretic closure in G of the kernel of 
the natural homomorphism G{Ok<'cp) — )• G {O k'^^p / rn-^^cp) is denoted by Gi 
and called the i-th lower ramification subgroup of G- In particular, we have 
the equality 

Gi{OK<><=p) = Ker(^(C'xs<^p) -^ ^/(O^^sep/m^Lp)). 
We also put 

G-^^{Pk^<^p) = \J G'' {Pk^cp)-, Gi+{OK<^cp) = \^ ^^/(O^^sop) 

and set G-^'^ and Gi+ to be their scheme-theoretic closures in G, respectively. 
As in the classical case, the upper {resp. lower) ramification subgroups 
are compatible with quotients {resp. subgroups). Namely, for a faithfully 
flat homomorphism G —^ G" of finite flat group schemes over Ok, the image 
of ^■^■(C'x-p) in G"{Ok--p) coincides with {G"y{OK--p) (Pl Lemme 2.3.2]). 
From the definition, we also see that for a closed immersion ^' — )> (/ of 
finite flat group schemes over Ok, the subgroup G^Ok^'^p) H GiiOK^^^p) co- 
incides with (^')j(C'a'scp). In addition, for a finite extension L/K of relative 
ramification index e' , we have natural isomorphisms 

{Ol xok or' ^Olxo^ G\ {Ol y-OK Q)ie' ^ Ol y~OK Oi 

of finite flat group schemes over Ol. 

Suppose that K is of mixed characteristic (0,p) and G is killed by p". 
Then we have G-' = for j > e{n + l/{p — 1)), where e is the absolute 
ramification index of K ( |17t Theorem 7]). Let G"^ be the Cartier dual of G 
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and consider the Cartier pairing 

When Q is killed by p, we have the following duality theorem for the upper 
and the lower ramification subgroups of Q ( ^28| Theorem 1.6], [141 Proposi- 
tion 6]). 

Theorem 3.1. Let K he a complete discrete valuation field of mixed charac- 
teristic (0,p) with absolute ramification index e and Q he a finite flat group 
scheme over Ok killed hy p. For j < pe/{p — 1), we have an equality 

GHOr)^ = {Q'')i(j)+{Ok) 

of subgroups ofQ^{OR), where _L means the orthogonal subgroup with respect 
to the pairing { , )g and l{j) = e/{p — 1) — j /p. 

3.2. Kisin modules and finite fiat group sciiemes of equal charac- 
teristic. Consider the complete discrete valuation field X = k{{u)) with 
uniformizer u and perfect residue field k. We embed Ox = ©i = k[[u]] into 
i? by u I— 7> TT as before. Then R is the completion of the ring of integers of 
an algebraic closure of X. We let A'^'^p denote the separable closure of X in 
Fmc{R). 

Let y he a finite extension of X in Frac(i?) of relative ramification index 
e' and let also denote the absolute Probenius endomorphism of y. We 
identify Oy with l[[v]] for a finite extension / of k. Define a category Mod^'^ 
to be the category of free Oy-modules 9T of finite rank endowed with a 0- 
semilinear map c/xyi : 9T — > 9T such that the cokernel of the map 1 (X" 0?n ■ 
Oy ®^,Oy 9T ^ 01 is killed by u^^ 

For an object 9JT of Mod/'^^ = Mod^g , we consider the C'3;-module 

Oy ®Ox ^ with the (/)-semilinear map 4>0(j)mi as an object of Mod^'^ . This 
defines a base change functor Oy ^Ox ~ • Mod^g — >■ Mod^'^ . We also 
have a dual object 9T^ for an object 9T of the category Mod^'^ , which is 
defined similarly to the duality theory of Mod/- . Moreover, for an object 
9Jt of ModVg , we have a natural isomorphism 

Oy (g)Ox ^"^ -^ {Oy ^Ox "^y 

of Mod/'^ , by which we identify both sides. 

For a finite flat group scheme H over a base scheme of characteristic 
p, we let F-^ and Vu denote the Frobenius and the Verschiebung of H, 
respectively. We say that a finite flat group scheme 7i over Oy is u-height 
< s if its Verschiebung V}i is zero and the cokernel of the natural map 

Vh- ■■ Oy ®^^Oy Ue{Vy) ^ Lie(7^^) 



10 SHIN HATTORI 



is killed by v'^ . The category of finite flat group schemes over Oy of ti-height 

-,<s 

-Oy- 



< s is denoted by C^^ . Then we have an anti-equivalence of categories 



([m Theoreme 7.4]). The group scheme 'Hy{''Xi) is defined as a functor over 
Oy by 

where we consider an 03;-algebra 21 as a 0-module over Oy with the absolute 
Frobenius endomorphism of 21. If we choose a basis ei, ..., e^ of *Jl and take 
a matrix A = (aij) G MdiOy) satisfying 

<t>{ei,...,ed) = (ei,... ,ed)A, 

then T-Ly(^) is isomorphic to the additive group scheme over Oy defined by 
the system of equations 

d 

Xf-Y.''J^i^^=^ (i = l,...,d). 

3=1 

For an object 5Jt of Mod^g , we also have a natural isomorphism 
Oy Xo^ nxCm) -^ ny{Oy Oo^ Tl) 

of finite flat group schemes over Oy . We drop the subscript 3^ of Hy if there 
is no risk of confusion. 

The following lemma is a variant of the scheme-theoretic closure for flnite 
flat group schemes. 

Lemma 3.2. Let 9Jt be an object o/Modyg and L be a Gx -stable subgroup 
of Tq (9}t) . Then there exists a surjection OK -^ OK" of Modyg such that 

the image of the corresponding injection Tg(9Jt") — > Tg(9JT) coincides with 
L. A surjection 9JI — )• 9H" satisfying this property is unique up to a unique 
isomorphism. 

Proof. This follows from [24^ Lemma 2.3.6]. Indeed, let Mod^^ denote the 
category of etale i;^- modules over X ([151 Section Al]). We have an equiv- 
alence of categories T^, from Mod^^ to the category of finite G;t'-modules 

over Fp defined by %{M) = (A^'^'^p ®x M)<^=^ For an object M of Mod^_^, 
we also put T*{M) = IIom;f^(^(M, X^'^'^). Then the natural map 

T,(M) ^HomF^(r*(M),Fp) 

is an isomorphism of G;t'-niodules. Set M = X ®q-^ 9Jt. We have a natural 
isomorphism of G;t'-modules Tg(93T) — )• T*{M) and let M" be the quotient 
of M corresponding to the surjection 

r,(M) ^ HomF^(T*(M),Fp) ^ HomF^(L,Fp). 
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Then the Kisin module M" = Im(9JT ^ M -)> M") satisfies the desired 
property. D 

Since the finite fiat group scheme ^^(QJt) is generically etale, the group 
7i{Tl){Ox^cp) can be identified with the group 'H{Tl){R) and we have the j- 
th upper ramification subgroup n{my{Ox--p) = n(my (R) of n{Tl). We 
also have the z-th lower ramification subgroup 

niTlUOx^op) = Keiin{Tl)iOx^op) -^ 7{(9JT)(0;t-p/m|sep)), 

which we identify with 

n{m)i{R) = Kev{'H{m){R) -^ n{m){R/m%')) 

by using the injection O x'^'^p / m^lcp — > R/m-j^. Since 'H{dJV){R) = Tg(9Jt), 
the pairing ( , )<m of Subsection 12.21 induces a perfect pairing 

( , )ot : n{Tl){R) X 'H{m^){R) -^ R. 
Then the main theorem of this section is the following. 

Theorem 3.3. Let Tl be an object of Mod'';^^. Then we have n{Tty = 
for j > per/{p — 1). Moreover, for j < per/{p — 1), we have the equality 

n{my{R)^ = n{m''y^(^j)+{R) 

of subgroups of T-L(j))t^){R), where _L means the orthogonal subgroup with 
respect to the pairing { , )<xii and lr{j) = er/{p — 1) — j/p. 

Proof. We proceed as in the proof of [Ml Proposition 6]. Let 3^ be a finite 
separable extension of X in X^^'p of relative ramification index e' and put 
Tly = Oy ig)6i 2^- Then we have a commutative diagram 

n{m){R) X mm'^yR) .li^ r 



'Hy{my){R)x'Hy{m''y){R)—^R, 

{ . /my 

where ( , )<)}ty is a perfect pairing defined similarly to the pairing ( , )<xii 
and the vertical arrows are isomorphisms. Since TiijXlt^) is generically etale, 
after making a finite separable base change and replacing e by ee' , we may 
assume that the G^-action on T-l{Tt^){R) is trivial. 

Let x^ be an element of 7i{Ti^){R) and consider the surjection Ti^ -^ 91 
of the category Mod'ig corresponding to the subspace ¥pX^ C T-L(Tl^){R) 
by Lemma 13.21 Then we have the commutative diagram 

n{m){R) X n{m''){R) ^-^ r 



ni'Ji'^yR) X n{m){R) — -^ r. 

( : /m 
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Thus, by the compatibihty with quotients (resp. subgroups) of the upper 
{resp. lower) ramification subgroups, the theorem fohows from Lemma 13.41 
below. n 

Lemma 3.4. Let 91 he an object of Mod'Jg which is free of rank one over 

Si. Then we have n{m'^y{R) = if j > per/{p - 1) and n{m)i{R) = if 
i > er/{p — 1). For j < per /{p — 1), the subgroup 'H(OT^)-'(i?) is zero if and 
onlyifnmi^^,)+iR)='Him)iR). 

Proof. Let n be a basis of ^ and n^ be its dual basis of *JI^. Put 0fn(n) = 
u'^an with < s < er and a £ 6^. Then we have (p<yiv(n^) = u^'^~^a'n^ 
with some a' S 6f . Hence the defining equations of ^(9T) and ?^(*JI^) are 
X^ — u^aX = and X^ — u^^~'^a' X = 0, respectively. By a calculation as 
in [171 Section 3], we see that 

vyvp^ - / n'^^m) u < pi^r - s)/{p - 1)) 



ni^^YiR) 
nmUR) 



{j > p{er-s)/{p-l)), 

■H{m){R) {i<s/{p-l)) 
{i>s/{p-l)) 



and the first assertion follows. Moreover, for j < per/{p — 1), we have 
Irij) > and 

ni'yC^yiR) = 0^j> p{er - s)/{p - 1) 

^ ir{j) < s/{p -1)^ nmi^^j)+iR) = n{m){R). 

D 

By the previous lemma, we also have the following corollary. 

Corollary 3.5. Let dJl be an object o/ Mody'f . Then the i-th lower rami- 
fication subgroup 7^(9Jt)j vanishes for i > er/{p — 1). 

Proof. As in the proof of Theorem 13.31 we may assume that the G;t'-module 
n{Tl){R) is trivial. For i > er/{p - 1), take an element x G n{Tl)i{R) 
and consider the quotient 9Jt — > 9T corresponding to the subspace ¥pX C 
n{m){R). By LemmaEai we have n{%i{R) = and thus x = 0. D 

Remark 3.6. Let X be a complete discrete valuation field of mixed char- 
acteristic (0,p) and ^ be a finite flat group scheme over Ok killed by p. 
Then, by using the usual scheme-theoretic closure of finite group schemes, 
we can easily see that the z-th lower ramification subgroup Qi vanishes for 
i > e/{p — 1), just as in the proof of Corollary 13.51 

4. Comparison of ramification 

Let p > 2 be a rational prime and K he a complete discrete valuation 
field of mixed characteristic {0,p) with perfect residue field k, as in Section 
[21 Then it is known that there exists an anti-equivalence G{—) from the cate- 
gory Mod ,g to the category of finite flat group schemes over Ok killed by p. 
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On the other hand, we also have the anti-equivalence 'H{—) : Mod ,g — > Cq'^ 
defined in Section [3] and an isomorphism of Gj^^ -modules 

In this section, we prove that this isomorphism is compatible with the upper 
and the lower ramification subgroups of both sides. For the proof, after re- 
calling the definitions of the anti-equivalence G{—) and the isomorphism esjji 
( iZj ) i20j , ^21j ) , we show that these are compatible with the base changes in- 
side Koo/K and dualities on both sides. Then, by the duality theorems pre- 
sented in Section [Sj we reduce ourselves to comparing the lower ramification 
subgroups of both sides, which is achieved by constructing an isomorphism 
as pointed schemes between reductions of g{Tl) and 7i{Tl). 

4.1. Breuil-Kisin classification. In this subsection, we briefly recall the 
classification of finite flat group schemes and p-divisible groups over Ok 
due to Breuil and Kisin ([6], [7], [8], [20], [21]) and its properties. Their 
classification theorem is as follows. 

Theorem 4.1. (1) There exists an anti- equivalence of categories g{—) 
from Mod ,g to the category of p-divisible groups over Ok with a 
natural isomorphism of Gk^ -modules 

em:Tpg{m)\G^^^nm. 

where TpQ{^) = Hm Q {^)[p'^]{0 f^) is the p-adic Tate module of 
the p-divisible group ^(9Jt). 

(2) There exists an anti- equivalence of categories Q{—) from Mod,g 
to the category of finite flat group schemes over Ok killed by some 
p-power with a natural isomorphism of Gk^c -modules 

en:G{m){Oji)\G,^^TU^). 

(3) Let 3Jt be an object of the category Mod ,g and take a resolution of 
Kisin modules 

^ 97ti 4 0712 ^ on ^ 0, 

where 9Jtj is an object of the category Mod ,g . Put Q = Q{dJl) and 
Ti = Q{Tli). Then we have an exact sequence of fppf sheaves 

^ e ^ Ts ^-^^ Fi ^ 
which induces the commutative diagram with exact rows 
^ TpFs ^ TpFi ^ giOj-^) ^ 



sm-) 



£mi 



^m 



T^{m2) — - T^i^i) — - T^{m) — - 0. 
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We have two definitions of the functor G{—) and the isomorphism esrjj. One 
is putting G{—) = Gt^{A4q{—)) with the anti-equivalence Gr^(— ) of [7j, as 
in [21] . The isomorphism erjji is constructed in the proof of [211 Proposition 
1.1.13]. Then we can prove Theorem 14.11 (3) by using [111 Proposition 2.1.3 
and Theorem 2.3.4]. The other is given in [20], as follows. For a p-divisible 
group r over Ok, set Mod (P) to be the section I]>*{T)(^g^Q^^ of the con- 
travariant Dieudonne crystal B*(P) (0) on the divided power thickening 
S — >■ Ok defined by w i— )■ vr. The S'-module Mod (P) is endowed with the 
natural Frobenius and the Hodge filtration. Then it is shown that this de- 
fines an anti-equivalence from the category of p-divisible groups over Ok to 
the category Mod,^ with a quasi-inverse Gr ( [20^ Proposition A. 6]). Put 

Q(—) = Gr^(A^e(— )) and define Q(—) for the category Mod,~ by taking 
a resolution as in Theorem 14. II (3). For an object 9?T of the category Mod ,g , 
put ^A = A^6(9Jt) and P = Q{Tl). Consider the divided power thickening 
^crys — >■ Oc induced by the map 9 : W{R) — > Oc and we let TAcrya de- 
note the section of a crystalline sheaf J- on this thickening. Then we define 
the isomorphism esjji in this case to be the composite of the isomorphism 
Tq{M) -^ T*^ys{M) and the natural isomorphism em '■ TpT — )• T*^yg{M) 
induced by the isomorphism 

TpT ^ T:^y^{B*{T)^s^a^)) = Hom5^piii_^^(D*(P)A„,.,ID)*(Qp/Zp)^„^J 

sending a homomorphism g : Qp/Zp — t- P of p-divisible groups over Oc to 
^*{g) ( [12^ Theorem 7]). We can see that these two definitions are naturally 
isomorphic to each other. 

We need an explicit construction of the isomorphism e<j}i for an object 9Jt of 
Mod,g ( [211 Proposition 1.1.13]). Let Hi be the divided power polynomial 
ring R^^{u — tt} over R . Consider the n-th projection pr„ : R -^ Oj^. The 
map prQ induces a surjection Hi = R^^ {u — 2e) — ^ Oj^ defined by u i— )■ vr, 
which is a divided power thickening of Oj^. The map Hi — )• R defined by 
It I— 7- vr induces an isomorphism of Gi^-^ -modules 

(see the proof of [TJ Lemme 5.3.1]) and the isomorphism etju is the composite 
of this map and the natural isomorphism Tg(9Jt) — > T*^yg{M.). 

Let M be an object of ModJ^^ and put M = Mei^l). In [3 Section 
3] , Breuil gave an explicit description of the affine algebra Rm of the finite 
fiat group scheme t/(9Jt) = Gr {A4) in terms of Ai. Let ei, . . . , e^ be an 
adapted basis of M. ([7, Definition 2.1.2.6]) such that 

Fil^X = u^'^Sid e • • • e u^'^SiCd + {FilPS)M, 
(piiu'^ei,... ,u''-^ed) = {ei,...,ed)G 

with a matrix G € GLdiSi) (note that we adopt the transpose of the nota- 
tion in [7J). Put 5*1 = k[u]/{u^^) and identify this fe-algebra with 5i/Fil^5i. 
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Assume that the image G of G in GLd{Si) is contained in the subgroup 
GLii{k[uP]/{u'^P)). Consider the ring homomorphisms 

k[u]/iu'P)^OKjpOK,^OK„ 

where the first map is the 0~^-semihnear isomorphism defined by u i— )• vri. 
We choose a hft 0-,^ = (aij) of G by this map to GLci{Ok) using the as- 
sumption on G and put 

Ok[Xi, . . . ,Xd] 



Rm 



^1 + Tvr(Ej=i «i,i^i)' • • • ' ^d + Tx^if (Ej=i «j,rf^i) 



Then we have an isomorphism of p-adic formal schemes Spf(i?;\4) ~ G(W). 
The induced map 

* : Homo^_aig.(i?A4,0^) ^ SmXOK) = Homcjpiii ,^^(X,i?i) 

is defined as foUows. Let / : Rm —^ Cx be an element of the left-hand 
side. Set Xi = f{Xi) and Xj to be its image in Oj^. Let (O/f)^^ be the 
divided power envelope of the ring O/f with respect to the ideal m~^ . 

Then the map pr^^ induces an isomorphism pr^ : Rr — ?> {Oj^). We let 
yi denote the inverse image of Xi by this isomorphism. Then ^(/) is the 
unique element of the right-hand side which is congruent to the S'-linear 
map (ej i-7> yi) modulo YiWHi (see the proof of [7, Proposition 3.1.5]). From 
this description, we see that the zero section of the group scheme Spec(i?;vi) 
is defined by Xi = • • • = X^ = 0. 

4.2. Compatibility with a base change and Cartier duality. The 

functor Q{—) is compatible with the base changes inside K^/K. More- 
over, Caruso proved its compatibility with Cartier duality ([lOJ). In this 
subsection, we briefly present a proof of these facts, along with similar com- 
patibilities of the isomorphism egjt- First we recall the following lemma. 

Lemma 4.2. The functor F i-^ TpFlc^ from the category of p- divisible 
groups over Ok to the category ofp-adically continuous G K^-representations 
is fully faithful. 

Proof. This follows from Tate's theorem ( [27^ Subsection 4.2, Corollary 1]) 
and [HI Theorem 3.4.3]. D 

Let us show the compatibility with the base change. Put &' = W[[v]] and 
let (j) : & —^ & denote the natural c/i-semilinear map deflned by v i— t- v^. 
Note that the polynomial E'{v) = E{v^ ) is the Eisenstein polynomial of 
the uniformizer 7r„ S K^. Consider the categories Mod ,^, , Mod ,^, and 

Mod,g, of Kisin modules over ©' of i?'-height < 1. Using the VF-algebra 

homomorphism & — >■ W[R) deflned by v i— ;■ [vr^'^"], we define a similar 
functor Tqi to Tq. The homomorphism of VF-algebras (3 — > 6' defined by 
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u 1-^- v^" induces natural functors (— )' : Mod,i; — >• Mod, if, and (— )' : 
Mod)^ ^ Mod)^^, by 

9Jt h^ mt' = 6' (g)e 9?t, </'OT' = </> «) 4>m- 

Then we have a natural isomorphism of Gx^-modules T^i^SK) -^ Tg,(9Jt'). 
On the other hand, these categories classify finite flat group schemes killed 
by some p-power and p-divisible groups over Ok^ by Theorem 14. H and we 
let Q\—) denote the anti-equivalences of the theorem over Ok^- 

Proposition 4.3. Let 9K he an object of the category Mod ,g (resp. Mod ,g ) 

and Tl' be the associated object of the category Mod ,g, (resp. Mod ,g, ). 
Then there exists a natural isomorphism 

of p-divisible groups (resp. finite fiat group schemes) over Ok„ which re- 
spectively makes the following diagrams commutative: 



r| W T^'i^'), 

Tei^) T^,{m'). 

Proof. The assertion for the category Mod,- follows from Lemma 14.21 ^^^ 
this implies the assertion for Mod,!l by taking a resolution of SOT as in 

Theorem O (3). Note that the isomorphism g'{m') -^ Ok,, ^Ok ^(^) is 
independent of the choice of a resolution (|2Ql Lemma 2.3.4]). D 

Next we show the compatibility with Cartier duality. For the element 
I G 6"'', we let in denote its image in the ring S™ = G^^ /p^G^^ . 

Proposition 4.4. Let 9JT he an object of the category Mod ,g (resp. Mod ,g ) 

and^"^ be its dual object. Then there exists a natural isomorphism t7(9JI)^ — )• 
Gldyt^) of p- divisible groups (resp. finite flat group schemes) over Ok such 
that the induced map 

5m : Tp{g{my) ^ TpGiTt") "^ T^{Tf) 
{resp. 6n : ^(9Jt)^(0^) ^ e(a)I^)(0^) '^' r|(9?T^)) 
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respectively makes the following diagrams of Gk^ -modules commutative: 
TpQiTl) X TpiQimy) Zp(l) 



Efflj 



r^(93T) X T^{Tt- 



{ , h 



Zpt, 



gmiOji) X gmno^) 



£m 



T^im) X T^{m 



{ , hn 



Z/p"Z(l) 
i 



Here the top arrows are the Cartier pairings and the right vertical arrows 
are the isomorphisms induced by (Cp")raGZ>o '~^ t. 

Proof. For an object 9Jt of the category Mod,g, define S^jn : Tp{g{Tl)'^) — > 
Tg(9Jt^) to be the unique isomorphism which fits into the commutative 
diagram of Gx^o "Modules 

Tp{g{my) -Homz,(rp(g(9K)),Zp(l)) 



r^ (9?T^ ) Homz, (r| m , Zpi) , 



where the top {resp. the bottom) arrow is induced by the Cartier pairing 
{resp. the pairing ( , )'^) and the right vertical arrow is induced by esgj 
and the natural isomorphism Zp(l) — )• Zpi as in the proposition. Then the 
isomorphism e^^v ° ^m defines the desired isomorphism Q{^Y — )• ^(9JI^) 
uniquely by Lemma 14.21 

Next let 9H be an object of the category Mod ,g . Take a resolution 
^ 2)ti -^ 9Jt2 -^ 571 -^ of 9Jt as in Theorem O (3). Then this induces 
a resolution — )• QJIg -^ 9Kj^ — ;> 9K^ ^> by the snake lemma. Put Q = 
^(9Jt) and Tj = ^(9JTj). By the snake lemma, we have an epimorphism 
w : Fi [p"] — )• Q whose dual map w^ fits into the commutative diagram with 
exact rows 











g{m^) 



■G{TlX\ 



g{mti) 







Y 


w-^ 


i 
-^F 


V 

1 


i 
^F 


V 
2 



-^0. 



Thus we get an isomorphism QidJt^) — > ^^, which is independent of the 
choice of a resolution ( |20l Lemma 2.3.4]). On the other hand, we can check 
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the commutativity of the diagram of the Cartier pairings 
TpTi -Hom(rp(r^),Zp(l)) 



GiOfi) -Hom(gV(0^.),z/KZ(l)) 

and of a similar diagram for Tg(5[R). Hence we can prove the compatibihty 
with the duahty pairings by the functoriahty of the connecting homomor- 
phism of the snake lemma. D 

4.3. Proof of the main theorem. Now we prove Theorem ll.il By The- 
orem 13. 1[ Theorem 13.31 and Proposition 14.41 the assertion for the upper 
ramification subgroups is reduced to showing that the isomorphism 

induces an isomorphism of the lower ramification subgroups 

{GiTiyuOfi) ^ niTt'UR) 

for any i G Q>o- By the definition of the map 5<si, it is enough to show the 
assertion of Theorem 11.11 for the lower ramification subgroups. Namely, for 
an object SUt of the category Mod ,g , we reduced ourselves to showing the 
natural map 

en : QmiOji) ^ T^m = nm{R) 

induces an isomorphism of the i-th lower ramification subgroups for any i. 
For this, by Proposition 14.31 and replacing Ki by K, we may assume that e 
is divisible by p and the entries of a representing matrix of (pegi is contained 
in the subring A;[[uP]] of &i. Note that, by Corollarv 13.51 and Remark 13. 6| 
the i-th lower ramification subgroups of both sides vanish for i > e/{p — 1). 
Thus we are reduced to showing the theorem below. 

Theorem 4.5. LetW be an object of Mod, 'S . Suppose that e is divisible by 
p and the entries of a representing matrix of (j)<)}i is contained in the subring 
k[[uP]] of&i. Consider the isomorphism of k-algebras k[u]/{u'^) -^ Ok/pOk 
defined by u >-^ ir, by which we identify both sides. Then there exists an 
isomorphism of schemes 

which preserves the zero section and makes the following diagram commu- 
tative for any non-negative rational number i < e: 

G{m){OK) — — — - n{m){R) 



g{m){Oj^/ml^) -^^ nm{R/mf) 
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Here the bottom arrow is induced by the isomorphism piQ : R/m-j^ — > 
Oj^/m^ lying over the isomorphism k[u]/{u^) — )• Ok/pOk- 

Proof. Let mi , . . . , rud be a basis of 9JT such that we can write as 

(/)OT(m.i, . . . , m^d) = (mi, . . . , md)A 

for some A € Md{k[[uP]]). We can take matrices P,Q £ GLd{k[[uP]]) such 
that 

PAQ = dmg{u^-''\ . . . ,u^-'^'') 

for some non-negative integers rj divisible by p with rj < e. Here diag(ai , . . . ,ad) 
denotes the diagonal matrix whose {i, i)-th entry is Oj. Set a basis ni, . . . ,nd 
of Tl to be (ni, . . . ,nd) = {rrii, . . . ,md)(p~^{Q). Then we have 



(j)<Xii{ni,...,nd) = {ni,...,nd)4' ^{Q) ^P Miag( 



u 



e—ri 



Thus the object A4 = A4q(TI) is described as 

Fil^X = Spa.nsiu''^ ® ni, . . . ,u^'' n^) + {FiVS)M, 
(t>i{u^^ 0ni,. . . ,u'^'' 0nd) = {l^ni,. . . ,1 0nd)G, 

where G = cQ-^iP)-^ G GLd{Si) with c = (/>i(^(w)) as before. Take 
lifts P and Q of the matrices P and Q in GL(i(W[[u^]]), respectively. Put 
G = (f){-F{u))Q-^^{P)-^ e GLd(VF[K]]). Since we have the equality 
c = (j){—F{u)) in the ring Si, the images of the matrices G and G in GLd{Si) 
coincide with each other. We write this image as G, which is contained in 
the subgroup GLd{k[vP]/{u^P)). 

Note that we have a commutative diagram of VF-algebras 



W[ 



u]] "^ Ok 



k[M k[uy{u^) -^ Ok/pOk- 

Consider the composite map 

W[[u]] ^ Ok/pOk ^ OkJpOk, ^ k[u]/{u'P) = Si, 

where the last arrow is the (/>-semilinear isomorphism defined by vri i— > u. 
Then the image of the matrix —F[u)(j)~^ {Q)~^ P~^ by this composite map 
coincides with G. Let aij{u) G W^[M] be the (i, j)-th entry of this matrix. 
From the explicit description of the affine algebra Rm of ^(9Jt) = Gr (7W) 
recalled in Subsection 14. H we see that Rm is defined by the system of 
equations over Ok 

j=i 
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where ajj(7r) denotes the image of aij{u) by the map VF[[m]] — )• Ok defined 
as in the above diagram. On the other hand, the defining equations of ?^(9JI) 
over k[[u]] are 

^ ' j=i 
where aij{u) denotes the image of aij{u) by the natural map TV[[n]] — > 
A;[[i(]], and the zero section of 'H{Tl) is by definition Xi = ■ ■ ■ = X^ = 0. 
This imphes that there exists an isomorphism 

r/OT : (Ok/pOk) XOk Gi"^) ^ {k[u]/{u')) y<k[[u]] n{m) 

of schemes over the isomorphism k['u\/{u'^) ~ Ok/pOk defined by Xj i— > Xj. 
Thus, for i < e, we get a bijection 

r?a,t : G{m){OK/m^) ^ n{m){R/m^) 

satisfying ryanlO) = 0. 

To prove the compatibihty of egji and r/aij, let us consider the diagram 



Ci? ^ R/mji . 

Let X = (xi, . . . , X(i) be an element of Spec{RM)iO k) and z = (rij i— ;■ Zj) be 
the corresponding element of Tg(9Jt) = Hom© ^(OJt, i?) via the composite 

Spec(i?^)(o^.) c, g{m){Oji) n T^m. 

Let yi G R he the element such that pri(yj) coincides with the image Xi 
of Xj in Of^. Then, in the ring R , we have (j){zi) — yi G FiFi? . Put 
Vi = iyi,o,yi,i,---) and Zi = {zi^o, Zi,i, ■ ■ ■) with yi,j,Zij G O^. Since the 
natural map R — > i?'^^ induces an isomorphism 

and the kernel of the map pr;^ : R — > Oj^ coincides with the ideal mj^''', we 
have yi^i = zf^ = Zi^. This implies Xi = Zi^ and the compatibility of ejrjt 
and r]<xfi as in the theorem follows. Hence we conclude the proof of Theorem 
[TTl D 



Note that we have also shown the following corollary. 

Corollary 4.6. Let 9Jt be an object of the category Mod ,g . Consider the 
k-algebra k[[v]] as a k[[u]]-algebra by the map u i— > v^. By the k-algebra 
isomorphism k[[v]]/{v^'P) -^ Ok^/pOk^ defined by v ^ tti, we identify both 
sides. Then we have an isomorphism 
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of schemes over k[[v]]/{v^P) ~ Oki/pOki preserving the zero section. 

Remark 4.7. Let Tl be an object of the category Mod'^g . For j G Q>o 

{resp. i G Q>o)i let Tl^ {resp. Tli) be the object which corresponds via the 
anti-equivalence 'H(— ) to the closed subgroup scheme TiiTiy {resp. 'H{^)i) 
of 7^(971). These objects define cofiltrations {TI^}j^q^q and {9Jti}jgQ)>Q of 

dJl in the category Mod^g . Note that, for a finite flat group scheme over a 
discrete valuation ring, its finite flat closed subgroup scheme is determined 
by the generic fiber. Therefore, for r = 1, Theorem 11.11 and [8| Theorem 
3.4.3] imply that the quotient Tl — > Tl^ {resp. Tl — )• 9Jti) also corresponds 
via the anti-equivalence G{—) to the closed subgroup scheme Q{Tiy {resp. 
^(5Jt)i) of G{dyt). They can be considered as "upper and lower ramification 
cofiltrations" of the Kisin module 9Jt. 

Remark 4.8. The way we have proved Theorem 11.11 is based on switching 
from the upper to the lower ramification subgroups via duality. The author 
wonders if we can prove the theorem in an "upper" way, namely by con- 
structing a natural isomorphism between the sets of geometric connected 
components of tubular neighborhoods of G{Tl) and 7i{Tl) using the similar- 
ity of their affine algebras, even though they are in different characteristics. 
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